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Endogenous Treatment Effects Model

• Relatively straightforward extension of the sample selection model 

we just considered.  Assume we have dichotomous T representing 

some kind of treatment, and a continuous outcome Y.  

• But the treatment is not randomly assigned; rather units select 

themselves into the treatment or some other assignment 

mechanism which may result in a treatment-outcome error 

correlation

• So we have possible endogeneity with T being related to the error 

term of the outcome equation for Y.

• Formally, the error term of the T equation is related to the error 

term of the Y equation, exactly as in the figure in week 12, slide 7

• So the estimation of the effect of T is biased unless corrected
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• Example:  What is the effect of union membership on wages?

• Union membership is likely endogenous to wages – workers select into 

union jobs based on unobservables which might affect their wages, 

beyond being in the union

Here is the causal diagram for 

the two-equation system; some 

exogenous factors common to 

both equations but at least 

*one* exogenous factor 

(“south” in this case) that causes 

union membership but not 

wages to serve as an 

“instrument” or in a control 

function regression; this should 

have a theoretical and defensible 

basis (in this case, maybe not!)
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Estimation of Treatment Effects Model

• Situation is similar to Heckman sample selection model, but here we 

observe the outcome for all observations, not just those units who were 

present in the selected sample

• Suggests that we can use a similar two-step control function procedure 

as in the sample selection, using probit to produce an estimate of the 

error term of the treatment equation, which we can then introduce as a 

control variable in the outcome equation

• Model
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Outcome   Y = XB+dT + e

Treatment  T*=  Wg + u

                  t=1 if (Wg + u) > 0

                  t=0 if (Wg + u) £ 0
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• Step 1:  Estimate the treatment equation via probit

• Step 2:  Generate the “generalized probit residuals” which, assuming a 

normal distribution for u, is represented as λ:

• λ gives the instantaneous probability of not being treated for the 

treatment group, and of being treated for the control group

• As P(t=1) increases for the treatment group, λ decreases, and as P(t=0) 

increases for the treatment group, λ increases (to represent the large error 

term that was needed to push the case over the threshold to be 1 on the 

treatment variable)

• Opposite for control group: λ increases as P(t=1) increases; decreases as 

P(t=0) increases
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For t=1 (treatment): l=
f(Wĝ )

F(Wĝ )

For t=0 (control):  l=
f(-Wĝ )

1-F(Wĝ )
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• Step 3: Estimate the outcome equation with λ as an additional control

• The coefficient for λ, ρ*, is the estimate of ρ, the correlation between 

treatment and outcome error terms, multiplied by the standard 

deviation of the outcome error ε.

• Can see the impact of ρ by working out the E(Y|T) equations

• As ρ >0, naïve (OLS) will *overestimate* the true treatment effect (δ); 

as ρ <0, naïve (OLS) will *underestimate* the true treatment effect (δ);  

when ρ =0 there is no endogeneity in the estimation of the effect of T
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ML Estimation of Treatment Effects Model

• Maddala (1983) and others argue that Heckman two-step is less efficient 

than ML estimation of the model.  Also Heckman is highly sensitive to 

violations of normality assumptions and model misspecification in the 

first stage, so sensitivity analysis is normally recommended to test 

robustness of the results

• ML estimation:  two models, one for treated units, one for control
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Outcome   Y = XB+dT + e

Treatment  T*=  Wg + u

                  t=1 if (Wg + u) > 0

                  t=0 if (Wg + u) £ 0

Treated (t=1)          Y=XB+(Wg + u)d + e

Untreated (t=0)       Y=XB + e
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• So likelihood function looks like this:

• Sum up for treated and untreated, maximize wrt to β,𝛾,ρ,σ !
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ML Estimation of Treatment Effects Model

• In Stata’s Generalized Structural Equation Model (GSEM): Add an 

unobserved latent variable L to represent ρ, the outcome-treatment error 

term correlation.  Need to “trick” Stata into allowing an error term for 

the treatment equation’s probit, which normally has no error (see do file)
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Critical coefficients:

1) Effect of  L (the latent variable) on wage: -1.70 significant at .05 level  -- that is 

the equivalent of  the rho correlation between errors (actually 1.16/-1.70=-.68)

2) Effect of  endogenous union treatment on wave: 2.95, much lower than two-

step estimate
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• Alternative estimation:  Stata “Extended Regression” module (ERM)

• Handles all sorts of outcome variables (continuous, dichotomous, 

ordered, censored) with endogenous covariates and endogenous 

treatments of various kinds (continuous, dichotomous, ordered), 

endogenous sample selection

• Also handles panel data which includes random effects for units or 

other multilevel structuring in the data

• Estimates from ML (default) or option for Heckman two-step

• Our example:

     etregress wage tenure age black smsa, treat (union=black south tenure)
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• Crucial coefficients

1) rho=-.64 with small standard error

2) LR test of the independence of the outcome and treatment equations is a test 

that rho=0; here rejected

3) Effect of union on wage=3.39, close to GSEM estimate
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Extensions:  Binary Outcome

• Can extend these models to apply to different combinations of 

continuous/dichotomous endogenous regressors and outcomes

• IV regression or 2SRI (control function regression) for 

continuous/continuous

• ML or Heckman treatment effects for dichotomous/continuous

• For continuous/dichotomous, two-step control function or ML 

as options, with additional possibility of using “special 

regressors” that satisfy assumptions of IV regression 

• These “special regressor” models use heteroskedasticity or other 

distributional properties of the endogenous regressor to identify 

the model 

• See Lewbel (2000; 2012) for more on this work
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• Two-Step method:  continuous endogenous regressor (X) and 

dichotomous outcome (D)

With W and X having some but not all elements in common, i.e., Xe 

must be a function of at least one variable that is not a cause of the 

outcome D*

• Then, assuming ε and u are jointly normal:
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Outcome       D*= XB+bX e + e

Endogenous  Xe=  Wg + u 

Endogenous  X̂e=  Wg

                     û = Xe - X̂ e

Outcome       D*= XB+bX e + lû+e

PS2730 MLE CatLimModels, Fall 2021                                                                                           15



• This is a straightforward probit regression in the second stage 

outcome; the u controls for the endogenous portion of Xe and so β 

represents the “true” effect of Xe  

• This is the model implemented in Stata “ivprobit”, two-step

• ML version as “ivprobit” without two-step, or in ERM as “eprobit”
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D*= XB+bX e + lû+e

D = 1  if XB+bX e + lû+e > 0

D = 0 if XB+bX e + lû+e £ 0

P(D = 1) = P(e > -(XB+bX e + lû)

P(D = 1) =F(XB+bX e + lû)
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Two-step

ML – 
Extended 
Regression

Note:  no endogeneity in this 
model, according to 
insignificant error correlation in 
eprobit, and insignificant Wald 
test in ivprobit
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Extension:  Binary Treatment and Binary Outcome

• Endgenous treatment and binary (dichotomous outcome) normally 

estimated via ML, not control function methods

• Where Σ is the covariance between the errors of the outcome and 

treatment equations (containing rho(ρ) in previous slides)

• As in all of these models:  need to have some elements in W that 

are not in X – these serve the same function as instrumental 

variables in previous models
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Outcome       D* = XB+dT + e

Endogenous  T*=  Wg + u 

D=1 if XB+dT > e

T=1 if Wg > u

(e ,u)∼N (0,S)
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• This model implemented as “biprobit” in Stata:

PS2730 MLE CatLimModels, Fall 2021

biprobit (union =black south tenure collgrad) (collgrad=age sms)

Correlation between “collgrad” and “union” equations=-.18, not 
significant, and collgrad has no significant effect on union membership
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• More options available within ERM.  Endogenous treatment in 

“eprobit” allows different error correlations between treatment and 

outcome equations for treatment and control groups, for example; 

also allows estimation of potential outcomes and treatment effects via 

different outcome equations for treatment and control groups

eprobit union black south tenure , entreat (collgrad=c.age c.sms, nointer pocorr) 

vce(robust)
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Error correlation 

between college and 

union equations 

significant (p<.10) 

only for college 

group; effect of  

college graduate 

now significant also 

(p<.10)
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• Extended Regression (ERM) has additional capabilities:

– Ordinal outcomes 

– Endogeneous ordinal and censored covariates and treatment 

effects

– All of the above with additional controls for sample selection
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